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AKNS Ablowitz-Kaup-Newell-Segur , $2\cross 2$
, (NLS)
[1]. , ASDYM anti-self-dual Yang-Mills
. AKNS-ASDYM ,
, $F$ . $2+1$ NLS ” [7]
. , 6
[5] 5 .
Painlev\’e III, IV AKNS [6] ,
Painlev\’e VI ASDYM Mason-Woodhouse [9] ,
, 2 $+$ 1 NLS
Painlev\’eV $\ovalbox{\tt\small REJECT}$ . , Tkacy-Widom
Painlev\’e [13] .
2 AKNS
AKNS . [12] 3
, Lax Sato$\succ Wilson$ , Hirota
, Sato-Wilson . AKNS
$2\cross 2$ (Lax )
, Sato-Wilson ,
( ) .





$G\in$ SL2 $(\mathbb{C})$ ,
$W_{1}=\{\begin{array}{ll}w qr -w\end{array}\}$ $\overline{W}_{1}=[_{\overline{r}}^{\overline{w}}-\overline{w}\overline{q}]$ $G=\{\begin{array}{ll}a bc d\end{array}\}$ (3)
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. , $\hat{g}=s1_{2}=g|_{2}\otimes \mathbb{C}[\zeta,$$(-1]\ plus \mathbb{C}c\wedge$
homogeneous gradation $g=g<0\oplus go\oplus\emptyset>0,$ $g_{0}=\epsilon 1_{2}\oplus \mathbb{C}c,$ $9>0=\epsilon I_{2}\otimes\zeta \mathbb{C}[\zeta]$ ,
$g<0=s\text{ _{}2}\otimes\zeta^{-1}\mathbb{C}[\zeta^{-1}]$ , $W\in\exp(9<0),\hat{W}\in\exp(9>0)$ .
$W_{j},\overline{W}_{j}(j=2,3, \ldots)$ $0$ . $W_{j},$ $G,\overline{W}_{j}$
. $H_{n}:=\{\begin{array}{ll}\zeta^{n} 00 -C^{n}\end{array}\}$ , $L,$ $.\overline{L}$
$L:=WH_{0}W^{-1}=H_{0}+U_{1}\zeta^{-1}+U_{2}\zeta^{-2}+U_{3}\zeta^{-3}+\cdots\in g_{0}\oplus g<0$ (4)
$\overline{L}:=\overline{W}H_{0}\overline{W}^{-1}=\overline{U}_{0}+\overline{U}_{1}\zeta+\overline{U}_{2}\zeta^{2}+U_{3}\zeta^{3}+\cdots\in 90\oplus 9>0$ (5)
. $U_{j},\overline{U}_{j}$ $W,\overline{W}$ , $U_{j}$ $\ovalbox{\tt\small REJECT}$
$k$ , $i$ . (4) $LW=WH_{0}$
, $\zeta$ .
$U_{1}=\{\begin{array}{ll}0 -2q2r 0\end{array}\}$ $U_{2}=\{\begin{array}{ll}2qr -2w_{l2}^{(2)}-2qw2w_{2l}^{(2)}-2rw -2qr\end{array}\}$ . (6)
$w_{12}^{(2)},$ $w_{21}^{(2)}$ $W_{2}$ 12 , 21 . $\overline{U}_{j}$ , $G$
$0$ , $\overline{W}_{k}$ $k$ $i$ $(j,$ $k>0$ $)$ .
$\overline{U}_{0}=GH_{0}G^{-1}=\{\begin{array}{ll}ad+\ -2ab2cd -ad-bc\end{array}\}$ , $\overline{U}_{1}=G\{\begin{array}{ll}0 -2\overline{q}2\overline{r} 0\end{array}\}G^{-1}$ (7)
. $\overline{U}_{0}$ $\det G=1$ .
, $t=(t_{1}, t_{2}, \ldots),\overline{t}=(\overline{t}_{1},\overline{t}_{2}, \ldots)$ $W,\overline{W}$ , Sato-
Wilson :
$\{\begin{array}{l}\frac{\partial W}{\partial t_{n}}=B_{n}W-WH_{n}=-B_{n}^{c}W\frac{\partial W}{\overline{\alpha}_{n}}=\overline{B}_{n}W\end{array}$ (8)$\{\begin{array}{l}\frac{\partial W}{\partial t_{n}}=B_{n}\overline{W}\frac{\partial\overline{W}}{\partial\overline{t}_{n}}=\overline{B}_{n}\overline{W}-\overline{W}H_{-n}=-\overline{B}_{n}^{c}\overline{W}\end{array}-$
$B_{n}:=(\zeta^{n}L)\geq 0=H_{n}+U_{1}\zeta^{n-1}+\cdots+U_{n}$, $B_{n}^{c}:=\zeta^{n}L-B_{n}$ ,
$\overline{B}_{n}:=(\zeta^{-n}\overline{L})<0=\overline{U}_{0}\zeta^{-n}+\overline{U}_{1}\zeta^{-n+1}+\cdots+\overline{U}_{n-1}\zeta^{-1}$, $\overline{B}_{n}^{c}:=\zeta^{-n}\overline{L}-\overline{B}_{n}$
. $B_{n},\overline{B}_{n}$ $\geq 0$ $\zeta$
, $<0$ $\zeta$ . (3) $W_{1}$
$G$ :
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$\bullet$ (8) , $W$ $t_{n}$ $\overline{t}_{n}$ $(^{-1}$
$\frac{\partial W_{1}}{\partial t_{n}}=-U_{1+n}$ , $\frac{\partial W_{1}}{\partial\overline{t}_{n}}=\overline{U}_{n-1}$ (9)
. $q,$ $r$ $t_{n}$ $n+1$ $U_{n+1}$ , $\overline{t}_{n}$ $1-n$
$\overline{U}_{n-1}$ .
$\bullet$ (8) , $\overline{W}$ $t_{n}$ $\overline{t}_{n}$ $\zeta^{0}$ .
$\frac{\partial G}{\partial t_{n}}=U_{n}G$ , $\frac{\partial G}{\partial\overline{t}_{n}}=-\overline{U}_{n}G$. (10)
(3) , $n=1$ ,
$\frac{\partial W_{1}}{\theta\overline{t}_{1}}=\overline{U}_{0}$ , $\frac{\partial G}{\partial t_{1}}=U_{1}G$, $\frac{\partial G}{\partial\overline{t}_{1}}=-\overline{U}_{1}G$ , $\frac{\partial\overline{W}_{1}}{\partial t_{1}}=G^{-1}H_{0}G$
4 (3) .
$\frac{\partial}{\partial\overline{t}_{1}}\{\begin{array}{ll}w qr -w\end{array}\}= \{\begin{array}{ll}ad+bc -2ab2cd -ad-bc\end{array}\}$
$\frac{\partial}{\partial t_{1}}\{\begin{array}{ll}a bc d\end{array}\}= \{\begin{array}{ll}-2qc -2qd2ra 2rb\end{array}\}$
$\frac{\partial}{\partial t_{1}}\{\begin{array}{ll}\overline{w} \overline{q}\overline{r} -\overline{w}\end{array}\}= \{\begin{array}{ll}ad+bc 2bd-2ac -ad-bc\end{array}\}$ , $\frac{\partial}{\partial\overline{t}_{1}}\{\begin{array}{ll}a bc d\end{array}\}= \{\begin{array}{ll}-2\overline{r}b 2\overline{q}a-2\overline{r}d 2\overline{q}c\end{array}\}$
. ($w,$ $\varpi,\overline{q},\overline{r}$ ) Pohlmeyer$-$ Lund-Regge
, $\eta$ Painlev\’e III [6].
Sato-Wilson , $L$ Lax :







([14] Theorem 3.10, [3] Chapter 9 ) $L(4)$ , $q,$ $r$ $t_{1}$
. , (5) $\overline{L}$ , $\overline{q},\overline{r}$ $\overline{t}_{1}$
.
, $\frac{\partial L}{\partial t_{1}}=[B_{1},$ $L|$ $\zeta$
$\frac{\partial U_{j}}{\partial t_{1}}=[H_{0},U_{j+1}]+[U_{1}, U_{j}]$ $(j=1,2, \ldots)$ (12)
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, $L^{2}=W(H_{0})^{2}W^{-1}=I$
$H_{0}U_{j}+U_{j}H_{0}+ \sum_{i=1}^{j-1}U_{1}U_{j-i}=0$ $(j=1,2,$ $\ldots)$ (13)
(6) $U_{1}$ $j=1$ (12), (13)
.
$U_{1}=\{\begin{array}{ll}0 -2q2r 0\end{array}\}$ , $U_{2}=\{\begin{array}{ll}2qr -q’-r -2qr\end{array}\}$ $U_{3}=\{\begin{array}{lll}q’r-qr’ -\angle’2 -4q^{2}r\frac{f’’}{2}+4qr^{2} -tr+qr \end{array}\}$ (14)
$U_{4}=\{\begin{array}{lll}\frac{1}{2}(qr’’+q’’r-q^{/}r^{/})+6q^{2}r^{2} -\triangle_{4}’’ -6qq’r-\frac{f^{\prime,\prime}}{4}-6qrr’ -\frac{l}{2}(qr’’+q’r-q,r,)-6q^{2}r^{2} \end{array}\}$ (15)
. ’ $t_{1}$ . $\overline{L}$ .
Sato-Wilson (9) , $q,$ $r$ $t_{n}$
. $t_{2}$ , $t_{3}$
$\{$ $\{$
$\frac{\partial q}{\alpha_{3}}=\frac{l’’}{4}+6qq’r$$\frac{\partial q}{\partial t_{2}}=\frac{\phi’}{2}+4q^{2}r$
$\frac{\partial r}{\partial t_{2}}=-\frac{r’’}{2}-4qr^{2}$ $\frac{\partial r}{\theta t_{3}}=\frac{r’’’}{4}+6qrr’$
(16)
. $t_{2}$ , $t_{3}$ $KdV$
. AKNS
. , $\langle$ Sato-Wilson $W_{1}$ $w$
.
$\frac{\partial w}{\partial t_{1}}=-2qr$, $\frac{\partial w}{\partial t_{2}}=--q’r+qr’$ , $\frac{\partial w}{\partial t_{3}}=-\frac{1}{2}(qr’’+q’’r-q’r’)-6q^{2}r^{2}$ . (17)
3 $2+1$ NLS
$W,\overline{W}(1),$ (2) , Sato-Wilson (8)
. [7] ,
, $2\cross 2$ . $W$ $\overline{W}$ $y_{0},$ $z_{0}$
, (4), (5) Lax
:
$W \cdot\frac{\partial}{\partial y_{0}}\cdot W^{-1}=\frac{\partial}{\partial y_{0}}-\frac{\partial W}{\partial y_{0}}W^{-1}$ , $W \cdot\frac{\partial}{\partial z_{0}}\cdot W^{-1}=\frac{\partial}{\partial z_{0}}-\frac{\partial W}{\partial z_{0}}W^{-1}$ (18)
, $L$ $\overline{L}$ (4), (5) $H_{0}$
. , $y_{0}$




$V_{1}=- \frac{\partial W_{1}}{\partial y_{0}}=-\frac{\partial}{\partial y_{0}}\{\begin{array}{ll}w qr -w\end{array}\}$ ,
$V_{2}=- \frac{\partial W_{2}}{\partial y_{0}}-V_{1}W_{1}=-\frac{\partial}{\partial y_{0}}[_{w_{21}^{(2)}}^{w_{11}^{(2)}}$
(19)
$w_{22}^{(2)]}w_{12}^{(2)}+( \frac{\partial}{\partial y_{0}}\{\begin{array}{ll}w qr -w\end{array}\}) \{\begin{array}{ll}w qr -w\end{array}\}$
. Lax $L$ (6) $\text{ _{}W_{i}}$ $H_{0}$
$y_{0}$ .
Lax (18) $W,\overline{W}$ $y_{n},$ $z_{n}(n=1,2, \ldots)$
.
$\{\begin{array}{l}\frac{\partial W}{\partial y_{n}}=\zeta^{n}\frac{\partial W}{\partial y_{0}}+C_{n}W=-C_{n}^{c}W\frac{\partial\overline{W}}{\partial y_{n}}=\zeta^{n}\frac{\partial\overline{W}}{\partial y_{0}}+C_{n}\overline{W}\end{array}$
$\{\begin{array}{l}\frac{\partial W}{\partial z_{n}}=\zeta^{n}\frac{\partial W}{\partial z_{0}}+D_{n}W=-D_{n}^{c}W\frac{\partial\overline{W}}{\partial z_{n}}=\zeta^{n}\frac{\partial\overline{W}}{\partial z_{0}}+D_{n}\overline{W}\end{array}$ (20)
$C_{n}:=(- \zeta^{n}\frac{\partial W}{\partial y_{0}}W^{-1})_{\geq 0}=V_{1}\zeta^{n-1}+\cdots+V_{n}$, $D_{n}:=(- \zeta^{n}\frac{\partial W}{\partial z_{0}}W^{-1})_{\geq 0}$
. (3) $W_{1}$ $G$ .
(20) $y_{n}$ $\zeta^{-1}$ $\zeta^{0}$
$\frac{\partial W_{1}}{\partial y_{n}}=-V_{n+1}$ ,
. $n=1$ , (19)
$\frac{\partial G}{\partial y_{n}}=V_{n}G$ (21)
$\frac{\partial G}{\partial y_{1}}=V_{1}G=-\frac{\partial W_{1}}{\partial y_{0}}G$ , $\frac{\partial G}{\partial z_{1}}=-\frac{\partial W_{1}}{\partial z_{0}}G$ (22)
, (19) $V_{1}$ $V_{1}=- \frac{\partial W_{1}}{\partial y_{0}}=\frac{\partial G}{\partial y_{1}}G^{-1}$ 2
1 $\breve$
(20) Lax .
$\{\begin{array}{l}\frac{\partial L}{\partial y_{n}}=\zeta^{n}\frac{\partial L}{\partial y_{0}}+[C_{n}, L]\{\end{array}$
$\frac{\partial\overline{L}}{\partial y_{n}}=\zeta^{n}\frac{\partial\overline{L}}{\partial y_{0}}+[C_{n},\overline{L}]$





$\frac{\partial U_{1}}{\partial y_{n}}=\frac{\partial U_{n+1}}{\partial y_{0}}+[V_{1},U_{n}]+[V_{2}, U_{n-1}]+\cdots+[V_{n}, U_{1}]$ (24)
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. $U_{j}(14),$ (15) , $q,$ $r$ ,
$y_{n}$ $t_{1}$ . $n=1$
$\frac{\partial U_{1}}{\partial y_{1}}=\frac{\partial U_{2}}{\partial y_{0}}+[V_{1}, U_{1}]$ $\Leftrightarrow$ $\{\begin{array}{l}\frac{\partial q}{\partial y_{1}}=\frac{1}{2}\frac{\partial^{2}q}{\partial t_{1}\partial y_{0}}-2q\frac{\partial w}{\partial y_{0}}\frac{\partial r}{\partial y_{1}}=-\frac{1}{2}\frac{\partial^{2}r}{\theta t_{1}\partial y_{0}}+2r\frac{\partial w}{\partial y_{0}}\end{array}$ (25)
. (17) $w$ $q,$ $r$
$\frac{\partial q}{\partial y_{1}}=\frac{1}{2}\frac{\partial^{2}q}{\partial t_{1}\partial y_{0}}+4q\frac{\partial}{\partial y_{0}}\int qrdt_{1}$ , $\frac{\partial r}{\partial y_{1}}=-\frac{1}{2}\frac{\partial^{2}r}{\partial t_{1}\partial y_{0}}-4r\frac{\partial}{\partial y_{0}}\int qrdt_{1}$ (26)
. (26) 2 $+$ 1 . $y_{0}=ti$ ,
$y_{1}=t_{2}$ (16) .
4 , ASDYM
4 $t=(t_{1}, t_{2}, \ldots),\overline{t}=(\overline{t}_{1},\overline{t}_{2}, \ldots),$ $y=(y0, y_{1}, \ldots)$ , z $=$ $($ $, z_{1}, \ldots)$
(8), (20) $W,\overline{W}$ , $\Psi=\Psi(\zeta;\alpha, \gamma, \delta, t,\overline{t}_{\dagger}y, z)$ ,
$\overline{\Psi}=\overline{\Psi}(\zeta;\beta,\delta, t,\overline{t}y, z)$ :
$\Psi=W(;t,\overline{t}y,z)\zeta^{\alpha H_{0}}(\sum_{n=0}^{\infty}y_{n}\zeta^{n})^{\gamma H_{0}}(\sum_{n=0}^{\infty}z_{n}\zeta^{n})^{\delta H_{0}}\exp(\sum_{n=1}^{\infty}t_{n}H_{n})$ (27)
$\overline{\Psi}=\overline{W}(\zeta;t,\overline{t}_{t}y, z)\zeta^{\beta H_{0}}(n(\sum_{n-\triangleleft}^{\infty}z_{n}\zeta^{n})^{\delta H_{0}}\exp(\sum_{n=1}^{\infty}\overline{t}_{n}H_{-n})$ (28)
$\alpha,$ $\beta,$ $\gamma,$
$\delta$ . $\Psi,\overline{\Psi}$ .
$L\Psi=\Psi H_{0}$ , $\overline{L}\overline{\Psi}=\overline{\Psi}H_{0}$ .
Sato-Wilson $Y=\Psi,\overline{\Psi}$ .
$\frac{\partial Y}{\theta t_{n}}=B_{n}Y$, $\frac{\partial Y}{\partial\overline{t}_{n}}=\overline{B}_{n}Y$, $\frac{\partial Y}{\partial y_{n}}=\zeta^{n}\frac{\partial Y}{\partial y_{0}}+C_{n}Y$, $\frac{\partial Y}{\partial z_{n}}=\zeta^{n}\frac{\partial Y}{\partial z_{0}}+D_{n}Y$ (29)
. $t_{n},\overline{t}_{n},$ $y_{n},$ $z_{n}$ 4 ,
10 ( ) . $y_{m}$ $z_{n}$
ASDYM .
$[ \frac{\partial}{\partial y_{n}}-\zeta^{n}\frac{\partial}{\partial y_{0}}-C_{n},$ $\frac{\partial}{\partial z_{m}}-\zeta^{m}\frac{\partial}{\partial z_{0}}-D_{n}]=0$ (30)
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$(m, n=1,2,3, \ldots)$ . $m=n=1$ , (22)
$C_{1}(=V_{1})=- \frac{\partial W_{1}}{\partial y_{0}}=\frac{\partial G}{\partial y_{1}}G^{-1}$, $D_{1}=- \frac{\partial W_{1}}{\partial z_{0}}=\frac{\partial G}{\partial z_{1}}G^{-1}$
, (30) $\zeta$
$\frac{\partial C_{1}}{\partial z_{0}}=\frac{\partial D_{1}}{\partial y_{0}}$
$\Leftrightarrow$
$\frac{\partial}{\partial z_{0}}(\frac{\partial G}{\partial y_{1}}G^{-1})=\frac{\partial}{\partial y_{0}}(\frac{\partial G}{\partial z_{1}}G^{-1})$ (31)
, $\zeta^{0}$
$\frac{\partial C_{1}}{\partial z_{1}}=[D_{1}, C_{1}]+\frac{\partial D_{1}}{\partial y_{1}}$
$\Leftrightarrow$ $\frac{\partial^{2}W_{1}}{\partial z_{1}\partial y_{0}}=[\frac{\partial W_{1}}{\partial z_{0}},$
$\frac{\partial W_{1}}{\partial y_{0}}]+\frac{\partial^{2}W_{1}}{\partial y_{1}\partial z_{0}}$ (32)
. (31) . (31) $W_{1}$ trivial ,
(32) $G$ trivial . (32) .
5
5.1 $t,\overline{t})y,$ $z$
$\lambda\in \mathbb{C}$ , $t_{\lambda};=(\lambda t_{1}, \lambda^{2}t_{2}., \ldots),\overline{t}_{\lambda}-1;=(\lambda^{-1}\overline{t}_{1}, \lambda^{-2}\overline{t}_{2}, \ldots),$ $y_{\lambda}:=(y_{0}, \lambda y_{1}, \lambda^{2}y_{2}, .. .)$ ,
$z_{\lambda}:=(z_{0}, \lambda z_{1}, \lambda^{2}z_{2}, \ldots)$ , $W,\overline{W}$ $\lambda$ 1 $W_{\lambda},$ $G_{\lambda}$ ,
$\hat{W}_{\lambda}$
$W_{\lambda}(\zeta;t,\overline{t}, y, z):=\lambda^{\alpha H_{0}}W(\lambda^{-1}\zeta;t_{\lambda},\overline{t}_{\lambda^{-1}}, y_{\lambda}, z_{\lambda})\lambda^{-\alpha H_{0}}$ , (33)
$G_{\lambda}(t,\overline{t}_{t}y, z):=\lambda^{\alpha H_{0}}G(t_{\lambda},\overline{t}_{\lambda^{-1}}, y_{\lambda}, z_{\lambda})\lambda^{-\beta H_{0}}$ (34)
$\hat{W}_{\lambda()}\zeta;t,\overline{t}y,$
$z):=\lambda^{\beta H_{0}}\hat{W}(\lambda^{-1}\zeta;t_{\lambda},\overline{t}_{\lambda^{-1}}, y_{\lambda}, z_{\lambda})\lambda^{-\beta H_{0}}$ (35)
. .
$W,\overline{W}=G\hat{W}$ Sato-Wilson (8), (20) $W_{\lambda},\overline{W}_{\lambda}=G_{\lambda}\hat{W}_{\lambda}$
.
.
$W=W_{\lambda}$ , $\overline{W}=\overline{W}_{\lambda}$ (36)
. (36) (3)
$q(t_{\lambda},\overline{t}_{\lambda^{-1}}, y_{\lambda}, z_{\lambda})=\lambda^{-2\alpha-1}q(t,\overline{t}_{t}y, z)$, $r(t_{\lambda},\overline{t}_{\lambda^{-1}},y_{\lambda}, z_{\lambda})=\lambda^{2\alpha-1}r(t,\overline{t}_{t}y, z)$ ,
$w(t_{\lambda},\overline{t}_{\lambda^{-1}}, y_{\lambda}, z_{\lambda})=\lambda^{-1}w(t,\overline{t}_{I}y,z)$ , $\overline{w}(t_{\lambda},\overline{t}_{\lambda^{-1}}, y_{\lambda}, z_{\lambda})=\lambda^{-1}\overline{w}(t,\overline{t},y, z)$ ,
$\overline{q}(t_{\lambda},\overline{t}_{\lambda^{-1}}, y_{\lambda}, z_{\lambda})=\lambda^{-2\beta-1}\overline{q}(t,\overline{t}_{l}y, z)$, $\overline{r}(t_{\lambda},\overline{t}_{\lambda^{-1}}, y_{\lambda}, z_{\lambda})=\lambda^{2\beta-1}\overline{r}(t,\overline{t},y, z)$
$a(t_{\lambda},\overline{t}_{\lambda^{-1}}, y_{\lambda}, z_{\lambda})=\lambda^{-\alpha+\beta}a(t,\overline{t}, y, z)$ , $b(t_{\lambda},\overline{t}_{\lambda^{-1}}, y_{\lambda}, z_{\lambda})=\lambda^{-\alpha-\beta}b(t,\overline{t}, y, z)$,
$c(t_{\lambda},\overline{t}_{\lambda^{-1}}, y_{\lambda}, z_{\lambda})=\lambda^{\alpha+\beta}c(t,\overline{t}, y, z)$ , $d(t_{\lambda},\overline{t}_{\lambda^{-1}},y_{\lambda}, z_{\lambda})=\lambda^{\alpha-\beta}d(t,\overline{t},y, z)$
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. , (27), (28) $Y=\Psi,\overline{\Psi}$
$Y(;t,\overline{t}y, z)=\lambda^{\alpha H_{0}}Y(\zeta;t_{\lambda},\overline{t}_{\lambda^{-1}}, y_{\lambda}, z_{\lambda})$ , (37)
.
$W$ , (
) $\zeta$ . $\alpha,$ $\beta$ ,
Painlev\’e ( ) . (36) $\lambda$
$\lambda=1$ , Sato-Wilson (8), (20) ,
$\zeta\frac{dW}{d\zeta}=[\alpha H_{0}, W]+\sum_{n=1}^{\infty}nt_{n}\frac{\partial W}{\partial t_{n}}-\sum_{n=1}^{\infty}n\overline{t}_{n}\frac{\partial W}{\partial\overline{t}_{n}}+\sum_{n=1}^{\infty}ny_{n}\frac{\partial W}{\partial y_{n}}+\sum_{n=1}^{\infty}nz_{n}\frac{\partial W}{\partial z_{n}}$
$=[ \alpha H_{0}, W]-\sum_{n=1}^{\infty}nt_{n}B_{n}^{c}W-\sum_{n=1}^{\infty}n\overline{t}_{n}\overline{B}_{n}W$
$+ \sum_{n=1}^{\infty}ny_{n}(C_{n}W+\zeta^{n}\frac{\partial W}{\partial y_{0}})+\sum_{n=1}^{\infty}nz_{\eta}(D_{n}W+\zeta^{n}\frac{\partial W}{\partial z_{0}})$ (38)
$\zeta\frac{d\overline{W}}{d\zeta}=\alpha H_{0}\overline{W}+\sum_{n=1}^{\infty}nt_{n}\frac{\partial\overline{W}}{\theta t_{n}}-\sum_{n=1}^{\infty}n\overline{t}_{n}\frac{\partial\overline{W}}{\partial\overline{t}_{n}}+\sum_{n=1}^{\infty}ny_{n}\frac{\partial\overline{W}}{\partial y_{n}}+\sum_{n=1}^{\infty}nz_{n}\frac{\partial\overline{W}}{\partial z_{n}}-\overline{W}(\beta H_{0})$
$= \alpha H_{0}\overline{W}+\sum_{n=1}^{\infty}nt_{n}B_{n}\overline{W}+\sum_{n=1}^{\infty}n\overline{t}_{n}\overline{B}_{n}^{c}\overline{W}$
$+ \sum_{n=1}^{\infty}ny_{n}(C_{n}\overline{W}+\zeta^{n}\frac{\partial\overline{W}}{\partial y_{0}})+\sum_{n=1}^{\infty}nz_{\eta}(D_{n}\overline{W}+\zeta^{n}\frac{\partial\overline{W}}{\partial z_{0}})-\overline{W}(\beta H_{0})$, (39)
. , (37) $\lambda$ $\lambda=1$
$\zeta\frac{dY}{d\zeta}=(\alpha H_{0}+\sum_{n=1}^{\infty}nt_{n}B_{n}-\sum_{n=1}^{\infty}n\overline{t}_{n}\overline{B}_{n}+\sum_{n=1}^{\infty}ny_{n}C_{n}+\sum_{n=1}^{\infty}nz_{n}D_{n})Y$
$+ \sum_{n=1}^{\infty}ny_{n}\zeta^{n}\frac{\partial Y}{\partial y_{0}}+\sum_{n=1}^{\infty}nz_{n}(n\frac{\partial Y}{\partial z_{0}}$ (40)
. $y_{0},$ $z_{0}$ ,
Painleve .
5.2 $y_{n},$ $z_{n}$
1 , (8), (20)
$y$ $z$ . $\lambda y=(\lambda y_{0}, \lambda y_{1}, \lambda y_{2}, \ldots),$ $\lambda z=(\lambda z_{0}, \lambda z_{1}, \lambda z_{2}, \ldots)$
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,$\{$
$W(\zeta;t,\overline{t}_{\}\lambda y, z)=\lambda^{\gamma H_{0}}W(\zeta;t,\overline{t}, y, z)\lambda^{-\gamma H_{0}}$
$\{$
$W(;t,\overline{t}y, \lambda z)=\lambda^{\delta Ho}$ $(\zeta;$ $I \overline{t}, y, z)\lambda^{-\delta H_{0}}$
$\overline{W}(\zeta;t,\overline{t}, \lambda y, z)=\lambda^{\gamma H_{0}}\overline{W}(\zeta;t,\overline{t}, y, z)\lambda^{-\gamma H_{0}}$
$\overline{W}(\zeta;t,\overline{t}, y, \lambda z)=\lambda^{\delta H_{0}}\overline{W}((;t,\overline{t}_{2}y, z)\lambda^{-\delta H_{0}}$
. 1 Sato-Wilson (8), (20)
. $\lambda$ $\lambda=1$
$\{\begin{array}{l}\sum_{n=0}^{\infty}y_{n}\frac{\partial W}{\partial y_{n}}=\sum_{n=0}^{\infty}y_{n}\zeta^{n}\frac{\partial W}{\partial y_{0}}+\sum_{n=1}^{\infty}y_{n}C_{n}W=[\gamma H_{0}, W]\sum_{n=0}^{\infty}y_{n}\frac{\partial\overline{W}}{\partial y_{n}}=\sum_{n=0}^{\infty}y_{n}\zeta^{n}\frac{\partial\overline{W}}{\partial y_{0}}+\sum_{n}y_{n}C_{n}\overline{W}=[\gamma H_{0},\overline{W}]\end{array}$ (41)
$\{\begin{array}{l}\sum_{n=0}^{\infty}z_{n}\frac{\partial W}{\partial z_{n}}=\sum_{n=0}^{\infty}z_{n}\zeta^{n}\frac{\partial W}{\partial z_{0}}+\sum_{n}z_{n}D_{n}W=[\delta H_{0}, W]\sum_{n=0}^{\infty}z_{n}\frac{\partial\overline{W}}{\partial z_{n}}=\sum_{n=0}^{\infty}z_{n}\zeta^{n}\frac{\partial\overline{W}}{\partial z_{0}}+\sum_{n}z_{n}D_{n}\overline{W}=[\delta H_{0},\overline{W}]\end{array}$ (42)
, (41), (42) $Y=\Psi,\overline{\Psi}$




$+ \frac{\sum_{n--1}^{\infty}ny_{n}\zeta^{n}}{\sum_{n=0}^{\infty}y_{n}\zeta^{n}}(\gamma H_{0}-\sum_{n=1}^{\infty}y_{n}C_{n})+\frac{\sum_{n=1}^{\infty}nz_{n}\zeta^{n}}{\sum_{n=0}^{\infty}z_{n}\zeta^{n}}(\delta H_{0}-\sum_{n}z_{n}D_{n})]Y$ (44)
. Palnleve [5], [6], [11]
. , Painlev\’e .
6 Painleve
$4*J|Jt,\overline{t},$ $y,$ $z$ ) $y,$ $z$ $0$ , (40)
$\zeta=0$ $\zeta=\infty$
$\rangle$
$t_{1},$ $t_{2}$ $0$ Painlev\’e IV, $t_{1},\overline{t}_{1}$ $0$
Painlev\’e III [6], [8]. $t_{1},$ $t_{3}$ $0$ ,
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$\beta=0$ Painlev\’e II , Jimbo-Miwa
. Flashka-Newell [4], [10] ,
$KdV$ .
Painlev\’e V $\Phi$ , VI .
6.1 Painlev\’e V
$t_{1}$ $y_{0},$ $yi$ $0$ . (44)
$\zeta\frac{dY}{d\zeta}=(\zeta t_{1}H_{0}+\alpha H_{0}+t_{1}U_{1}+y_{1}C_{1}+\frac{\zeta y_{1}}{y_{0}+\zeta y_{1}}(\gamma H_{0}-y_{1}C_{1}))\Psi$ (45)
. (45) $ff_{\backslash }ae’\{\overline{\uparrow}F^{1J}$ $\zeta$ $A_{V}(\zeta)$ .
$A_{V}( \zeta)=\{\begin{array}{ll}t_{l} 00 -t_{l}\end{array}\}+ \frac{1}{\zeta}(\{\begin{array}{ll}\alpha -2t_{l}q2t_{l}r -\alpha\end{array}\}+y_{1}C_{1})+ \frac{y_{1}}{y_{0}+\zeta y_{1}}(\gamma H_{0}-y_{1}C_{1})$ . (46)
Painlev\’eV 3 (38), (39), (41),
(42) .
$\bullet$ $\zeta,$ $t,$ $y$ (38) $\zeta^{-1}$ $y$ (41) 1
$\zeta^{-1}$ , $W_{1}$ (9)
$W_{1}=[W_{1}, \alpha H_{0}]+t_{1}U_{2}-y_{1}\frac{\partial W_{1}}{\partial y_{1}}$, $y_{0} \frac{\partial W_{1}}{\partial y_{0}}+y_{1}\frac{\partial W_{1}}{\partial y_{1}}=[\gamma H_{0},W_{1}]$
.
$W_{1}=[W_{1}, (\alpha+\gamma)H_{0}]+t_{1}U_{2}+y_{0^{\frac{\partial W_{1}}{\partial y_{0}}}}$ (47)
. .
$\{\begin{array}{ll}w qr -w\end{array}\}=\{\begin{array}{ll}2t_{l}qr -2(\alpha+\gamma)q-t_{l}q^{t}2(\alpha+\gamma)r-t_{1}r^{/} -2t_{1}qr\end{array}\}+y_{0^{\frac{\partial}{\partial y_{0}}}}\{\begin{array}{ll}w qr -w\end{array}\}$ . (48)
$\overline{W}$ (39) $\zeta^{0}$ $\alpha H_{0}G+tiUiG+yiCiG=\beta GH_{0}$ .
$G^{-1}$
$G\{\begin{array}{ll}\beta 00 -\beta\end{array}\}G^{-1}=\{\begin{array}{ll}\alpha -2t_{1}q2t_{l}r -\alpha\end{array}\}-y_{1^{\frac{\partial}{\partial y_{0}}}}\{\begin{array}{ll}w qr -w\end{array}\}$ (49)




$\bullet$ (41) $y_{0}$ , $y_{0},$ $y_{1}$ $0$
$\{\begin{array}{l}(y_{0}+y_{1}\zeta)\frac{\partial W}{\partial y_{0}}+y_{1}C_{1}W=[\gamma H_{0}, W](y_{0}+y_{1}\zeta)\frac{\partial\vec{W}}{\partial y_{0}}+y_{1}C_{1}\overline{W}=[\gamma H_{0},\overline{W}]\end{array}$ (50)
. 2 $\overline{W},$ $\partial\overline{W}/\partial y_{0}$ $\zeta=-y_{1}/y_{0}$ $G=\overline{W}(\zeta=$
$-yo/y_{1})$ , $0=\gamma H_{0}\check{G}-\check{G}(\gamma H_{0})-y_{1}C_{1}\check{G}$ ,
$\check{G}\{\begin{array}{ll}\gamma 00 -\gamma\end{array}\}\check{G}^{-1}=\{\begin{array}{ll}\gamma 00 -\gamma\end{array}\}+y_{1^{\frac{\partial}{\partial y_{0}}}}\{\begin{array}{ll}w qr -w\end{array}\}$ (51)
, (46) $y_{1}/(y_{0}+\zeta y_{1})$ $-\gamma^{2}$ . $\cdot$
Painlev\’e V , . –$=$ .
[5] ,
$A_{VJM}( \zeta)=\frac{1}{2}\{\begin{array}{l}0t0-t\end{array}\}+\frac{1}{\zeta}\{\begin{array}{ll}z+\theta_{0}/2 -u(z+\theta_{0})u^{-1_{Z}} -z-\theta_{0}/2\end{array}\}$
$+ \frac{1}{\zeta-1}[_{-\iota^{-z-(\theta_{0}+\theta_{\infty})/2}}z+(\theta_{0}+\theta_{1}+\theta_{\infty})/2]/uyuy[zZ++(\theta_{0}(-\theta_{1}+\theta_{\infty})/2l]$ (52)




(52) , 2 $+$ lNLS $q,$ $r,$ $w$
$\{\begin{array}{l}t=2t_{1}, \theta_{\infty}=-2(\alpha+\gamma), \theta_{0}=-2\beta, \theta_{1}=-2\gamma,z=\alpha+\beta-\frac{\partial w}{\partial y_{0}}, u=(2t_{1}q+\frac{\partial q}{\partial y_{0}})(\alpha-\beta-\frac{\partial w}{\partial y_{0}})^{-1}y=-\frac{\partial q}{\partial y_{0}}(\frac{\partial w}{\partial y_{0}})^{-1}(\alpha-\beta-\frac{\partial w}{\partial y_{0}})(2t_{1}q+\frac{\partial q}{\partial y_{0}})^{-1}\end{array}$ (53)
. , [5] (C.43) $H_{V}$ , Palnleve




$\sigma(t)$ $W_{1}$ $w(3)$ ,
$H=-w+\gamma$ , $\sigma(t)=-2t_{1}(w+\alpha+\beta)+(\alpha+\beta+\gamma)^{2}-\gamma^{2}$
. (53) , Painlev\’eV
, $W_{1}$
$w$ , $w$ . ,
(48) , $y_{0}=-1,$ $y_{1}=1$ ,
$w=2t_{1}qr- \frac{\partial w}{\partial y_{0}}=-t_{1}w’-\frac{\partial w}{\partial y_{0}}$ . (55)
( (17) ), (49), (51)
$( \alpha-\frac{\partial w}{\partial y_{0}})^{2}-\beta^{2}=4t_{1}^{2}qr+2t_{1}(\frac{\partial q}{\partial y_{0}}r-q\frac{\partial r}{\partial y_{0}})+\frac{\partial q}{\partial y_{0}}\frac{\partial r}{\partial y_{0}}$, (56)
$( \gamma+\frac{\partial w}{\partial y_{0}})^{2}-\gamma^{2}=-\frac{\partial q}{\partial y_{0}}\frac{\partial r}{\partial y_{0}}$ (57)
. $p:=t_{1}w$ , (55)
$p’=w+t_{1}w’=- \frac{\partial w}{\partial y_{0}}$ , $p”=- \frac{\partial w’}{\partial y_{0}}=2\frac{\partial}{\partial y_{0}}(qr)=2(\frac{\partial q}{\partial y_{0}}r+q\frac{\partial r}{\partial y_{0}})$ (58)
, (56), (57) $w$ $y_{0}$ ,
$2t_{1}( \frac{\partial q}{\partial y_{0}}r-q\frac{\partial r}{\partial y_{0}})=\alpha^{2}-\beta^{2}+2(\alpha+\gamma+t_{1})p’-2p$ (59)
. $qr$ $p-t_{1P’}=-t_{1}^{2}w’=2t_{1}^{2}qr$ . (57), (58), (59)
3 $q,$ $r$ $y_{0}$ ,
$(t_{1}p’’)^{2}=\{\alpha^{2}-\beta^{2}+2(\alpha+\gamma+t_{1})p’-2p\}^{2}+8p’(p-t_{1}p’)(2\gamma-p’)$ (60)
. Painlev\’eV $\sigma$-form (54)
.
6.2 Painlev\’e VI
$y_{0},$ $yi,$ $z_{0},$ $z1$ $0$ . , 3 $Y=\Psi$ ,
$\overline{\Psi}$ (44), (43)
$\zeta\frac{dY}{d\zeta}=(\alpha H_{0}+y_{1}C_{1}+z_{1}D_{1}+\frac{y_{1}\zeta}{y_{0}+y_{1}\zeta}(\gamma H_{0}-y_{1}C_{1})+\frac{z_{1}\zeta}{z_{0}+z_{1}\zeta}(\delta H_{0}-z_{1}D_{1}))Y(61)$
$\frac{\partial Y}{\partial y_{0}}=\frac{\gamma H_{0}-y_{1}C_{1}}{y_{0}+y_{1}\zeta}Y$, $\frac{\partial Y}{\partial z_{0}}=\frac{\delta H_{0}-z_{1}D_{1}}{z_{0}+z_{1}\zeta}Y$ (62)
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. (61) $\zeta$ $A_{VI}(\zeta)$ .
$A_{VI}( \zeta)=\frac{\alpha H_{0}+y_{1}C_{1}+z_{1}D_{1}}{\zeta}+\frac{y_{1}(\gamma H_{0}-y_{1}C_{1})}{y_{0}+\zeta y_{1}}+\frac{z_{1}(\gamma H_{0}-z_{1}D_{1})}{z_{0}+\zeta z_{1}}$ . (63)
(61) Painleve VI .
$\bullet$ 3 $W_{1}$ (38), (41), (42) $y_{1},$ $y_{0},$ $z_{1},$ $z_{0}$
$0$
$W_{1}=[W_{1}, \alpha H_{0}]-y_{1}\frac{\partial W_{1}}{\partial y_{1}}-z_{1}\frac{\partial W_{1}}{\partial z_{1}}$
$y_{0^{\frac{\partial W_{1}}{\partial y_{0}}}}+y_{1^{\frac{\partial W_{1}}{\partial y_{1}}}}=[\gamma H_{0}, W_{1}]$ , $z_{0} \frac{\partial W_{1}}{\partial z_{0}}+z_{1}\frac{\partial W_{1}}{\partial z_{1}}=[\delta H_{0}, W_{1}]$
. $y1,$ $z1$ .
$W_{1}=[W_{1}, ( \alpha+\gamma+\delta)H_{0}]+y_{0}\frac{\partial W_{1}}{\partial y_{0}}+z_{0}\frac{\partial W_{1}}{\partial_{\hslash}}$ (64)
$\bullet$ $t,\overline{t},$ $y,$ $z$ $G$ (39)
$\alpha H_{0}+y_{1}C_{1}+z_{1}D_{1}=G(\beta H_{0})G^{-1}$ (65)
. , $A_{VI}(\zeta)(63)$ $1/\zeta$ $\beta$2
.
$\bullet$ , $\overline{W}$ $y_{n}$ $z_{n}$ (41), (42) , $y_{0},yi,$ $z_{0},$ $z_{1}$ $0$
, (50)
$\{\begin{array}{l}(z_{0}+z_{1}\zeta)\frac{\partial W}{\partial z_{0}}+z_{1}D_{1}W=[\delta H_{0}, W](z_{0}+z_{1}\zeta)\frac{\partial\overline{W}}{\partial z_{0}}+z_{1}D_{1}\overline{W}=[\delta H_{0},\overline{W}]\end{array}$ (66)
. $\zeta=-y_{0}/y1,$ $-z_{0}/zi$ (51) $\hat{G}(\gamma H_{0})\hat{G}^{-1}=$
$\gamma H_{0}-y_{1}C_{1},\hat{G}:=\overline{W}(\zeta=-z_{0}/z_{1})$ ,
$\hat{G}\{\begin{array}{ll}\gamma 00 -\gamma\end{array}\}\hat{G}^{-1}=\{\begin{array}{ll}\gamma 00 -\gamma\end{array}\}+y_{1^{\frac{\partial}{\partial y_{0}}}}\{\begin{array}{ll}w qr -w\end{array}\}$ (67)
, $A_{VI}(\zeta)(61)$ $y_{1}/(y_{0}+\zeta y_{1}),$ $z_{1}/(z_{0}+\zeta z_{1})$ ,
$-\gamma^{2},$ $-\delta^{2}$ .
$y_{0}=-1,$ $y_{1}=z_{1}=1$ ( [6] (C.47),
(C.57) ) (63) , Painlev\’e VI $z_{0}$ , $y$
$H_{VI}=t(t-1)\hat{\sigma}$
$y=-z_{0}+ \frac{z_{0}(z_{0}+1)}{1+2(\alpha+\gamma+\delta)}\frac{1}{q}\frac{\partial q}{\partial z_{0}}$,
$\hat{\sigma}=-2(\alpha+\gamma+\delta)w+2t\delta(\alpha+\beta+2\gamma)-2\delta(\alpha+\beta)-\alpha^{2}+\beta^{2}$
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. , $W_{1}$ $w$ .
$w$ .
(64) $w$ $y_{0}$ , $y_{1}$ , $z_{1}$ $w$ $z_{0}$
$\frac{\partial w}{\partial y_{0}}=\frac{\partial w}{\partial y_{1}}=-w+z_{0}\frac{\partial w}{\partial z_{0}}$, $\frac{\partial w}{\partial z_{1}}=-z_{0}\frac{\partial w}{\partial z_{0}}$
. ASDYM (32) $z_{0}$ ,
$z_{0}(1+z_{0}) \frac{\partial^{2}w}{\partial z_{0}^{2}}=\frac{\partial q}{\partial y_{0}}\frac{\partial r}{\partial z_{0}}-\frac{\partial q}{\partial z_{0}}\frac{\partial r}{\partial y_{0}}$ (68)
. (65), (51), (67)
$( \alpha-\frac{\partial w}{\partial y_{0}}-\frac{\partial w}{\partial z_{0}})^{2}-\beta^{2}=-(\frac{\partial q}{\partial y_{0}}+\frac{\partial q}{\partial z_{0}})(\frac{\partial r}{\partial y_{0}}+\frac{\partial r}{\partial z_{0}})$
$( \gamma+\frac{\partial w}{\partial y_{0}})^{2}-\gamma^{2}=-\frac{\partial q}{\partial y_{0}}\frac{\partial r}{\partial y_{0}}$, $( \delta+\frac{\partial w}{\partial z_{0}})^{2}-\delta^{2}=-\frac{\partial q}{\partial z_{0}}\frac{\partial r}{\partial z_{0}}$ ,
(68)
$\frac{\partial q}{\partial y_{0}}\frac{\partial r}{\partial z_{0}}-\frac{\partial q}{\partial z_{0}}\frac{\partial r}{\partial y_{0}}=z_{0}(1+z_{0})\frac{\partial^{2}w}{\partial z_{0}^{2}}$
$\frac{\partial q}{\partial y_{0}}\frac{\partial r}{\partial z_{0}}+\frac{\partial q}{\partial z_{0}}\frac{\partial r}{\partial y_{0}}=(-w+z_{0}\frac{\partial w}{\partial z_{0}})(2\gamma-w+z_{0}\frac{\partial w}{\partial z_{0}})+\frac{\partial w}{\partial z_{0}}(2\delta+\frac{\partial w}{\partial z_{0}})$
$-( \alpha-\beta-\frac{\partial w}{\partial z_{0}}+w-z_{0}\frac{\partial w}{\partial z_{0}})(\alpha+\beta-\frac{\partial w}{\partial z_{0}}+w-z_{0}\frac{\partial w}{\partial z_{0}})$
$\frac{\partial q}{\partial y_{0}}\frac{\partial r}{\partial y_{0}}\frac{\partial q}{\partial z_{0}}\frac{\partial r}{\partial z_{0}}=\frac{\partial w}{\partial z_{0}}(-w+z_{0}\frac{\partial w}{\partial z_{0}})(2\gamma-w+$ $\frac{\partial w}{\partial z_{0}})(2\delta+\frac{\partial w}{\partial z_{0}})$
$q,$ $r$ $y_{0}$ , .







[7] , ASDYM Rimann-Hilbert
, $t,\overline{t}$ (8)
.
$\frac{\partial g}{\partial t_{n}}=H_{n}g-gH_{n}$ , $\frac{\partial g}{\partial\overline{t}_{n}}=H_{-n}g-gH_{-n}$ , $\frac{\partial g}{\partial y_{n}}=\zeta^{n}\frac{\partial g}{\partial y_{0}}$ , $\frac{\partial g}{\partial z_{n}}=\zeta^{n}\frac{\partial g}{\partial z_{0}}$
ffi 2 $x2$ $FJg=g(\zeta;t,\overline{t}_{l}y, z)$ , $g=\{\begin{array}{lll}\zeta^{N} f(\zeta.t,\overline{t} y,z)0 \zeta^{-N} \end{array}\}$
Riemann-Hilbert $g=W(\zeta;t,\overline{t}, y, z)^{-1}V(\zeta;t,\overline{t}, y, z)$ J(i $\dot{x}\}f$ , $W$
Sato-Wilson (8), (20) (Atiyah-Ward [2]). $g$
, 12 $f= \sum_{n=-\infty}^{\infty}f_{n}\zeta^{-n}$ , $W_{1}$
, $f$ 2 $+$ 1 NLS $N$
. , $w$
(Painlev\’e $\sigma- form$ ) , Tracy-Widom
Painlev\’e [13] .
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